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Structured light concerns the control of light in its spatial degrees of freedom (amplitude, phase and po-
larization), and has proven instrumental in many applications. The creation of structured light usually
involves the conversion of a Gaussian mode to a desired structure in a single step, while the detection is
often the reverse process, both fundamentally lossy or imperfect. Here we show how to ideally reshape
structured light in a lossless manner in a simple two-step process. We outline the core theoretical argu-
ments, and demonstrate reshaping of arbitrary structured light patterns, in the process highlighting when
the technique is applicable and when not, and how best to implement it. This work will be a useful addi-
tion to the structured light toolkit, and particularly relevant to those wishing to use the spatial modes of
light as a basis in classical and quantum communication.
1. INTRODUCTION
Structured light refers to the tailoring or shaping of light in all
its degrees of freedom [1]: time/frequency for temporal structur-
ing of light, usually in the context of ultra-fast lasers, but more
commonly spatial structuring of light in polarization, phase and
amplitude, even with quantum states [2], and made easy of late
by the use of rewritable spatial light modulators for shaping
light [3–5]. In this article we will consider the common case
of spatial structuring of scalar light, but emphasize that what
we demonstrate here can be used for full control when used
in combination with temporal [6, 7] and vectorial [8–10] shap-
ing tools. Although it is possible to engineer a desired form of
structured light directly at the source by custom lasers [11], most
laboratory experiments require the conversion, or reshaping of
one form of light into the desired structure. Often the problem is
the conversion of a Gaussian beam into some other form. Many
specific solutions exist for this, for example, conversion of Gaus-
sian beams to flat-top beams with refractive [12], diffractive [13]
and holographic approaches [14], the creation of vortex beams
by spiral phase plates [15], geometric phase [16, 17] and spatial
light modulators [18]. It is not fully appreciated that when this
is done in a single step, as with many of these examples, the
transformation is either imperfect or lossy.
To illustrate this, let us consider perhaps the simplest beam
shaping problem: reshaping of a Gaussian beam in size while
maintaining the Gaussian amplitude profile and input phase.
A single step approach, with a single lens, will correctly resize
the beam in a lossless manner, but alters the phase so that the
shaping is imperfect: we must still correct for the phase degree
of freedom (DoF). The answer of course is to use two lenses, a
two-step approach. Such a telescope, appropriately designed,
will correctly shape both DoFs in a lossless manner (in principle).
This principle is evident in all reshaping of structured light. To
return to our earlier examples (see Fig. 1), it is possible to create
a flat-top beam losslessly in a single step if the phase is left as
a free DoF [19], while single step shaping of Gaussian beams
into vortex beams that carry orbital angular momentum (OAM)
[20, 21] through azimuthal phase transformation results in the
correct ”vortex” phase but leaves the amplitude as a free DoF:
many radial modes are excited with low power content in the
desired ring of light [22, 23]. This can be overcome and perfect
reshaping achieved in one step, but then the process is lossy,
requiring amplitude control, as has been done for the creation of
radial mode controlled vortex beams [24].
Thus, in general, a two (or more) step approach is needed for
complete and lossless reshaping of structured light. By applying
tools from lossless beam shaping theory [25–27], solutions have
been developed for specific cases, notably the special case of
Gaussian to flat-top conversion [28–31] implemented by a va-
riety of means [32–36]. Likewise specific solutions have been
found for the reverse problem, the detection of structured light,
for OAM modes [37], Bessel modes [38, 39], Hermite-Gaussian
modes [40] and Laguerre-Gaussian modes [41] with lossless ap-
proaches always making use of two or more steps rather than a
lossy single step [42]. In this paper we revisit the fundamental
principles of lossless beam shaping and outline a generic ap-
proach for arbitrary reshaping of structured light beyond the
special cases already visited. We provide a general recipe to
follow and highlight under what conditions it is applicable. We
show the first general reshaping solutions beyond the simple
Gaussian to flat-top converters and implement the solutions ex-
perimentally as digital holograms on spatial light modulators,
elucidating the critical design and implementation steps to make
this work. In doing so we offer a holistic set of tools for design-
ing lossless reshaping systems based on phase-only elements
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with potential applications including the creation and detection
of specific modes of light for optical communication, and lossless
control of light in metrology, laser materials processing, optical
trapping and tweezing and novel intra-cavity beam shaping.
Fig. 1. The different approaches to creating structured light.
Panel (a) shows how lossless single step shaping can be
achieved using a phase-only element, but requires the phase
at the target plane to be left as a free DoF, requiring a second
element for correction. Panel (b) shows how a single step in
which the amplitude of the beam is also controlled can pro-
duce ideal structured light, but now the process is lossy.
2. THEORETICAL OUTLINE
As highlighted in the introduction, the topic of lossless laser
beam shaping is a venerable one dating back to the 1960s. Many
ideas have been formulated since, and summarised in good
textbooks on the subject [27]. Here we apply the concept of
redistributing the energy of an input beam with profile |I(χ)|2
in a precise way to form an output beam with a desired intensity
profile |Q(χ)|2 at the focal plane of a lens, i.e., in the far field.
We outline this approach and in the process bring the recipe
together in a manner that makes it easy to implement.
The first element performs the energy redistribution and the
second element corrects for the phase. This is achieved by im-
parting the incident beam with a specific phase φ, as determined
by the desired output profile. To derive the necessary φ three
steps are used. The first is a calculation of a scaling constant A.
This constant is the ratio of the energy of the input beam to the
output beam. Next is the formulation of an intermediary math-
ematical function α(χ), where χ are the components of some
coordinate system. This is a spatial mapping function which
moves energy from a specific spatial region of the input beam to
a specific spatial region of the output beam in a way consistent
with the conservation of energy from the scaling constant A. It is
the calculation of this mapping function which lies at the heart
of the method, since once α is known it is possible to perform
the final step, which is to derive the phase delay φ which must
be introduced to a beam to achieve the desired output profile.
We wish to make clear that the theory of this is known [27],
and has been applied to the specific case of Gaussian to flat-top
converters [31, 43], but here we provide a general recipe in the
context of structured light, indicating how and when it works
(and when it doesn’t), and make clear how the design steps
impact on practical implementation of arbitrary reshaping of
structured light, which we implement for the first time.
A. Derivation of equations
Consider two planes in space, the first at coordinate (x, y, z = 0)
and the second at a distance (x, y, z = 2 f ) where f is the focal
length of a lens. The coordinate system for both the global po-
sition and the plane at z = 0 is (x, y, z), while the coordinate
system exclusively on the plane at z = 2 f is (X,Y,Z). The func-
tion α maps regions of the input plane to regions of the output
plane meaning α(x, y) → (X,Y). A beam of profile |I(χ)|2 is
incident upon the phase element φ positioned at (x, y, z = 0). At
the second plane corresponding to the focal plane of the lens a
beam of profile |Q(χ)|2 is desired. To calculate the expression
for the phase element φ the energy scaling constant A must first
be calculated. The constant A is given by
A =
∫ ∞
−∞ |I(χ)|2dχ∫ ∞
−∞ |Q(χ)|2dχ
. (1)
The next step is to derive a differential expression for α. This
expression will describe how the energy of the input beam at
the plane of the phase element should be mapped to the focal
plane of the lens to produce the desired output profile. Consider
a field affected by the phase element φ passing through a lens,
the field at the focal plane of the lens in 1-dimension is given by
P(X) ∝
∫ ∞
−∞
I(x)eiφ(x)e−i
2pi
λ f Xxdx. (2)
Recall that α(x)→ X.
P(α(x)) ∝
∫ ∞
−∞
I(x)eiφ(x)e−i
2pi
λ f α(x)xdx. (3)
Let
φ(x) =
2pi
λ f
Φ(x)
β =
2pi
λ f
(4)
P(α(x)) ∝
∫ ∞
−∞
I(x)eiβ[Φ(x)−α(x)x]dx.
(5)
Equation 5 can be evaluated by the method of stationary phase
as
P(α(x)) ∝ I(x)eiβ[Φ(x)−α(x)x]ei
pi
4
√
2pi√
βΦ(x)′′ (6)
with
d
dx
[Φ(x)− α(x)x] = 0. (7)
If we have devised φ correctly then up to a scaling constant we
can state that
|P|2 ∝ A|Q(X)|2. (8)
Thus
|I(x)|2 2pi
φ
′′ = A|Q(X)|2
|I(x)|2
A|Q(α(x))|2 = φ
′′
.
(9)
Note [27]
d
dα
[
d
dx
[Φ(x)− α(x)x]
]
=
d2Φ
dx2
dx
dα
− 1
d2Φ
dx2
=
dα
dx
.
(10)
This gives α(x) in 1-dimensional Cartesian coordinates as
dα(x)
dx
=
1
A
|I(x)|2
|Q(α(x))|2 . (11)
This equation describes how energy can be mapped from the
input profile to the output profile in a manner consistent with
the conservation of energy described by A. The phase φ(x) can
then be easily calculated from the expression for α. The phase is
dφ(x)
dx
= βα(x)
φ(x) = β
∫ x
0
α(s)ds.
(12)
The parameter β provides an indication of how well the
generated beam will conform to the ideal output profile. The
greater the value of β, the higher the fidelity of the beam at the
focal plane with regards to the ideal output profile.
Solving the system of Eqns. 2-11 in polar coordinates
gives
dα(r)
dr
=
1
A
r|I(r)|2
α(r)|Q(α(r))|2 . (13)
Fig. 2. The mapping function α for a truncated Gaussian input
to an annular polynomial output. The insets show the intensi-
ties of the input and output beams while the panels show the
beam profiles.
In Fig. 2, a truncated Gaussian input is mapped to an annular
polynomial output defined by the equation X2 − X4. Note the
following: the function α(x) maps points from the input plane to
points of the output plane; the points near the centre of the input
plane where the beam is most intense indicated by the red solid
and magenta dotted lines are mapped to points further apart
on the output plane than a point further out on the input plane;
the function α(x) has a maximum value ωopt, corresponding
to the waist of the output beam, and, the scaling constant A as
given in Eqn. 1 relates the shaded area of the output profile to
the shaded area of the input profile ensuring that the method is
lossless since energy is conserved.
B. Properties of the α(x) function
The mapping function α(x) has three properties of interest.
Firstly, Eqn. 11 breaks down for |Q(α(x))|2 = 0. The formu-
lation of α(x) cannot map an input beam to a region of the
output beam containing no light as this would require a phase
singularity. Secondly, and as a consequence of the first property,
the value of α(x) monotonically approaches an asymptotic
maximum value corresponding to the value of the waist of
the output beam ωopt as seen in Fig. 2. Lastly the choice of
coordinate system has a significant impact on the structure and
functioning of α(x).
Consider a circular Gaussian beam in Cartesian separated
coordinates | exp
(
− x22
)
exp
(
− y22
)
|2, and in Polar coordinates
| exp
(
− r22
)
|2. When integrating over all space the results
of these two expressions are the same. However, if we limit
the working to only a one dimensional integral, along x in
the Cartesian case and r in the Polar case, the result is
√
pi
and 12 respectively. This difference in scaling effects A, the
mapping function α and then by extension the phase element.
Functionally, by reducing the problem to 1-dimension for
simplified solving a ’propagation of coordinate system’ is
inadvertently introduced throughout the equations. If the
Cartesian expression is chosen, the phase element will attempt
to produce an output profile with Cartesian symmetry, while
if the Polar expression is used, the output profile will have a
radial symmetry.
C. Deriving the second phase element
Once the first phase element has been designed there are two
viable approaches to designing the second phase element. For
problems where the β parameter can be engineered to be large
the second phase element can be well approximated as the com-
plex conjugate of the first shaping element. Alternatively, if the
β parameter is small the second element can be better designed
by using numerical simulation to determine the phase of the
shaped beam at the relevant plane.
3. EXPERIMENTAL IMPLEMENTATION
To demonstrate the method experimentally we chose to convert
a Gaussian beam into a number of different spatial profiles.
This choice was made because of the ubiquity of laser sources
which output Gaussian modes. Figure 3 shows a diagram of the
experimental setup used. The first phase element, as described in
the introduction, was modelled using a Holoeye Pluto 1 Spatial
Light Modulator (SLM) illuminated by a well expanded and
collimated beam from a HeNe laser source. The SLM displayed
a hologram which created a beam with a Gaussian amplitude
profile and a phase calculated by Eqn. 12. The beam from the
SLM passed through a lens. At the focal plane of this lens the
desired output beam |Q(χ)|2 formed. This mode was filtered
and imaged to a CCD.
Fig. 3. Design of the experimental setup used to implement
the method. Here, the second beam shaping element described
in the introduction would be placed at the plane of the black
aperture.
In this experiment we were primarily concerned with mea-
suring the amplitude of the beam generated by the method, as
such we did not implement a second phase element. The mo-
tivation for this is two fold. Firstly, the derivation of the first
phase element is considerably more complex than the derivation
of the second and so experimentally validating the design of the
first element held priority. Secondly, the inclusion of the second
element in the experimental setup would not have impacted the
intensity of the beam in a measurable way, instead changing
only the phase.
4. EXPERIMENTAL RESULTS
The experimental results shown in Fig. 4 and Fig. 6 were created
using the experimental setup represented by Fig. 3. The beams
were generated by encoding a Gaussian beam of waist ωG with
the appropriate phase to form an output profile of waist ωopt
at the focal plane of a lens with focal length 0.5 m. The output
profile was then captured by a camera. The waist parameters
and cameras used are summarised in Tab. 1. In the case of the
Table 1. The cameras, Gaussian and output profile waists
used for the experiment
Profile ωG (m) ωopt (m) Camera
Radial flat-top
0.0011 0.0008
Logitech C270
Radial Annulus
Cartesian 2D flat-top
Cartesian 1D Gaussian 0.0011 0.0007
Radial Linear
0.00087 0.0011 Thorlabs 1240C
Cartesian Linear
Logitech C270 camera, all optics of the camera were removed to
leave the sensor exposed.
Figure 4 shows the measured beams having radial symmetry.
The phase of the first shaping element, the experimentally
measured beam (as well as an inset of the simulated beam) and
a comparison of the profiles of the measured and simulated
beams are shown. The beams shown in Fig. 4 are a flat-top,
a beam with a linear intensity profile, and an annular beam.
Figure 6 displays the same but for beams of Cartesian symmetry.
The beams shown in Fig. 6 are a flat-top, a beam with a linear
intensity profile, and a 1-dimensional Gaussian profile where
the beam has a focused Gaussian intensity across one axis of its
profile and a uniform profile in the other axis.
To quantify the general fidelity of all the generated modes the
native Corr2 function of Matlab was used. The correlation values
between the simulated and experimentally generated modes are
presented in Tab. 2.
Table 2. The correlations between the simulated and mea-
sured beams
Profile Correlation
Radial flat-top 0.951
Radial Annulus 0.927
Radial Linear 0.991
Cartesian 1D Gaussian 0.909
Cartesian 2D flat-top 0.956
Cartesian 2D Linear 0.995
Fig. 4. Measured modes and profiles for beams with Radial
symmetry. Each row of the figure shows from left to right, the
phase of the first shaping element, the experimentally mea-
sured beam, and a comparison of the profiles of the simulated
and measured beams as a black dashed line and blue solid line
respectively. The insets in each experimental result show the
simulated beam.
Fig. 5. The ’double bar’ and ’cross hair’ profiles. These profiles
are the result of superpositions of modes at right angles to
each other in a Cartesian symmetry.
The results presented here demonstrate how the method
can be used to generate modes with unique spatial profiles
while maintaining high fidelity. An interesting extension to the
method we present is how it may be applied to superpositions
of modes.
Fig. 6. Measured modes and profiles for beams with Cartesian
symmetry. Each row of the figure shows from left to right the
phase of the first shaping element, the experimentally mea-
sured beam, and a comparison of the profiles of the simulated
and measured beams as a black dashed line and blue solid line
respectively. The insets in each experimental result show the
simulated beam.
In particular the separable nature of the Cartesian coor-
dinate system allows two separate profiles to be encoded
perpendicularly to one another. Figure 5 shows the ’double bar’
structure that emerged as a combination of a flat-top profile and
a linear valley profile at right angles. Figure 5 also shows the
combination of two 1D Gaussian profiles at right angles which
gives rise to a ’cross hair’ type mode.
5. CONCLUSION
In this work we have demonstrated a general approach to the
reshaping of structured light. The approach addresses the con-
cept of lossless two step beam shaping, highlighting how two
or more phase only elements can perfectly reshape light, some-
thing often not achieved when using existing well established
beam shaping techniques. Although based on prior work we
have expanded the method beyond its well-known capability
of converting Gaussian beams into flat-top beams. Our general
formulation allows for the conversion of almost any input beam
into a wide range of spatial profiles having both a specific phase
and amplitude. This generality is supported by the experimental
results we present. Our experimental results also demonstrate
the feasibility of implementing the method in the laboratory
environment. Critically, the work we present is not limited to
the spatial shaping of scalar light, but can form a foundation to
be used in conjunction with temporal and vectorial shaping tech-
niques to provide complete control over all the characteristics of
light. Thus, the work presented here represents a powerful tool
for the lossless reshaping of light to fit a myriad of applications.
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